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1 Introduction

For almost thirty years, multi-objective evolutionary algorithms (MOEAs) have
been continuously used to approximate the solution of complex multi-objective
optimization problems (MOPs) in different fields. Through these years, we
have witnessed the birth of multiple MOEAs, each one having special design
characteristics. In consequence, one important question needs to be answered:
how do we evaluate the performance of MOEAs? The answer to this question
is: Quality Indicators (QIs).

Before discussing what QIs are, we need to go to the basics. The solution
of a MOP is a set of decision vectors (known as the Pareto set) whose images
in the objective space represent the best-possible trade-offs among the objec-
tive functions that shape the Pareto front [1]. The main goal of MOEAs is to
produce a finite approximation of the Pareto1 front having the following three
properties [2]: 1) convergence: the candidate solutions should be as close as
possible to the Pareto front, 2) spread: the candidate solutions should cover
the whole Pareto front, and 3) uniformity: the candidate solutions should be
uniformly distributed along the Pareto front. In the first years of evolutionary
multi-objective optimization (EMO), visual comparisons of the Pareto front ap-
proximations were performed to decide which MOEA was the best. This was
possible because the Pareto front approximations were embedded into two- or
even three-dimensional objective spaces. However, as long as MOEAs acquired
more power to tackle MOPs with more than three objective functions (i.e., the
so-called many-objective optimization problems (MaOPs)), a visual compari-
son was difficult or even not possible. In consequence, a need for quantitative
mechanisms to compare MOEAs was mandatory.

1We denote a Pareto front approximation as A = {a⃗1, . . . , a⃗N}, where a⃗j ∈ Rm is an
objective vector and m is the number of objective functions.
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In 1999, Van Veldhuizen [3] settled down the basis of QIs to quantitatively
compare MOEAs. A k-ary QI (I) is a set function that receives as input k
Pareto front approximations and outputs a single real value: I : A1×· · ·×Ak →
R, where Ai is a Pareto front approximation. Later, in 2003, Zitzler et al.[4]
mathematically formalize the concept of a QI and they established the first
guidelines to compare the Pareto front approximations generated by MOEAs.
Since then, several researchers around the world have made efforts to increase
the knowledge on QIs and performance assessment of MOEAs [5, 6, 7, 8, 9, 10,
11]. Currently, there are several QIs that measures the three principal aspects
of a Pareto front approximation, i.e., convergence, spread, and uniformity [5].

The main goal of a QI is to evaluate the quality of a Pareto front approxima-
tion. In other words, it processes all the objective vectors of an approximation
set and generates a numerical value that reflects the quality. In consequence,
one could take advantage of a QI to guide the evolutionary process of a MOEA,
giving rise to the so-called indicator-based MOEAs (IB-MOEAs) [12]. The
underlying idea of an IB-MOEA is to approximate the indicator-based sub-
set selection problem such that the best-contributing solutions to the overall
quality of the Pareto front approximation survive the selection process. The fi-
nal Pareto front approximation produced by an IB-MOEA exhibits the specific
preferences of its baseline QI. For example, the S-Metric Selection Evolutionary
Multi-Objective Algorithm (SMS-EMOA) [13] shows a preference to objective
vectors near the Pareto front’s knee and in the boundary since it is based on
the hypervolume indicator (HV) [14]. In contrast, the R2-based EMOA [15],
that uses the R2 indicator [9], produces uniformly distributed Pareto front ap-
proximations when the associated manifold is concave and correlated with the
shape of an m-dimensional simplex. Regardless of the baseline QI utilized by
an IB-MOEA, these metaheuristics have been a promising way to increase the
selection pressure when tackling MaOPs and, thus, they have attracted the
attention of the EMO community in the 15 years [12].

Currently, the research on QIs and IB-MOEAs has advanced significantly
which is reflected in the amount of available papers in the specialized literature.
Unfortunately, this research area has been developed by a few research groups
around the world and it is still missing a good difussion of the currente devel-
opments and open research areas. Hence, we propose a tutorial that promotes
the difussion of the current advances on QIs and IB-MOEAs such that the com-
munity has an easy access to the information and knowledge. Furthermore,
the tutorial aims provide both theoretical and practical aspects of QIs and IB-
MOEAs with the intention of attracting more scientists to this research area and
allow the practitioners to use the current performance comparison techniques
and algorithms.

2 Tutorial description

This tutorial aims to introduce researchers, students, and practitioners to the
current state-of-the-art on QIs for multi-objective optimization. The two main
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objectives of the tutorial are 1) the utilization of QIs to quantitatively evaluate
the performance of MOEAs, and 2) designing new MOEAs using QIs as the
backbone of selection mechanisms. Due to the nature of the topics covered
in the tutorial, we expect 4 hours of duration. In addition to the theoretical
concepts, we will provide practical activities to improve the understanding of
the theory, and, in general, to provide a high-quality and exciting tutorial. The
tutorial is projected at an Introductory level. The content of the tutorial is the
following.

1. A brief introduction to evolutionary multi-objective optimization.

2. Quality indicators: what are they?

3. Theoretical foundation

4. QIs for performance assessment

(a) A classification of QIs

i. Convergence QIs

ii. Diversity QIs: Spread and Uniformity

iii. Convergence-Diversity QIs

iv. Cardinality QIs

v. Combined QIs

(b) Performance comparison of MOEAs: techniques and restrictions

(c) Future trends in performance assessment

(d) Play time: assessing MOEAs with QIs

5. QIs for algorithm design

(a) Theoretical basis: subset selection problem

(b) Single-Indicator-based MOEAs: state-of-the-art approaches

(c) Multi-Indicator-based MOEAs: a new research field

(d) Indicator-based Local Search Techniques

(e) Future trends in designing IB-MOEAs and MIB-MOEAs

(f) Play time: designing a new IB-MOEA

6. Open research areas

7. Conclusions

The tutorial is divided in 7 sections, where the first 4 sections will be covered
in the first 2 hours of the tutorial and Sections 5 to 7 will be covered in the last 2
hours. First, it is necessary to introduce the general concepts of multi-objective
optimization and how to tackle MOPs with MOEAs. Then, the general concept
of QI is presented in Section 2, giving the theoretical basis of QIs and how to
compare MOEAs in Section 3. Section 4, is the most important in the first
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half of the tutorial. In this section, we will review several state-of-the-art QIs,
emphasizing how to use all the QIs for performance assessment. To conclude
this first part of the tutorial, we will provide the audience a software framework
for multi-objective optimization where they willl execute different MOEAs to
perform a comparison analysis using QIs. Moreover, the attendants will have
the chance to implement a QI in the framework to use it in the comparison. In
the second half of the tutorial, we will focus on the utilization of QIs to create
MOEAs. We will review several state-of-the-art IB-MOEAs, MIB-MOEAs, and
indicator-based local search techniques. In this section, we will also make use
of the framework such that the audience implements a new IB-MOEA besides
using some other IB-MOEAs. To finalize the tutorial, we will discuss some
future research directions for QIs and IB-MOEAs and we will sketch our final
conclusions.

3 Team members

This tutorial will be provided by 3 young researchers from Mexico and China.
In the last years, the three members, Dr. Jesús Guillermo Falón-Cardona, Dr.
Ke Shang, and Dr. Vı́ctor Adrián Hernández Sosa, have been very active in
the field of IB-MOEAs. Their research has covered topics such as theoretical
aspects of QIs and IB-MOEAs, the design of new IB-MOEAs and MIB-MOEAs,
the utilization of indicator-based local search techniques, and the proposal of
new QIs for convergence and diversity. Moreover, the three team members
have experience publishing their research at prestigious international confer-
ences such as IEEE CEC, ACM GECCO, PPSN, EMO, and, IEEE SSCI, as
well as in international journals such as IEEE Transactions on Evolutionary
Computation, Evolutionary Computation Journal, ACM Computing Surveys,
Swarm and Evolutionary Computation, Soft Computing, Memetic Computing,
among other important journals. Another important aspect of a successful tu-
torial is the teaching experience of the three researchers in undergraduate and
graduate programs. Hence, we are confident in providing a high-quality tutorial.
A full description of the team members is provided in the following.
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Name: Jesús Guillermo Falcón-Cardona
E-mail: jfalcon@tec.mx
Affiliation: Computer Science Department, Tecnológico de Monterrey, Mex-

ico.
Website: https://scholar.google.com.mx/citations?user=I3p9d_

EAAAAJ&hl=es

Biography: Jesús Guillermo Falcón-Cardona received the bachelor’s degree in
telematics engineering from Instituto Politécnico Nacional (IPN),
Mexico, in 2014. Furthermore, he received the MSc. And Ph.D.
in computer science from CINVESTAV-IPN, Mexico, in 2016
and 2020, respectively, under the supervision of Dr. Carlos A.
Coello Coello. Dr. Falcón was a visiting professor at Universi-
dad Autónoma Metropolitana Unidad Cuajimalpa from 2020 to
2021 and he is currently a researcher at Tecnológico de Monterrey,
Campus Monterrey. Due to his research, Dr. Falcón has pub-
lished several national and international conference papers and
journal papers. In several times, his research has been nominated
to different awards in the field of evolutionary multi-objective op-
timization at IEEE CEC and ACM GECCO. Recently, he was
distinguished as the winner of the “José Negrete” award to the
best Ph.D. thesis in artificial intelligence in Mexico. Additionally,
he was one of the winners of the VII Latin American Doctoral The-
sis Contest at the XLVII Latin American Informatics Conference.
In 2018, he was awarded financial support by the IEEE Com-
putational Intelligence Society to conduct research at the Leiden
Institute of Advanced Computer Science. Dr. Falcón is passion-
ate about doing research on bio-inspired metaheuristics to solve
single- and multi-objective optimization problems. He is a spe-
cialist in designing indicator-based multi-objective evolutionary
algorithms.

Name: Ke Shang
E-mail: kshang@foxmail.com
Affiliation: Department of Computer Science and Engineering, Southern Uni-

versity of Science and Technology, China
Website: https://cse.sustech.edu.cn/faculty/~shangk/

Biography: Ke Shang received his BS and PhD degrees from Xi’an Jiaotong
University in 2009 and 2016, respectively. He is currently a Re-
search Assistant Professor in Southern University of Science and
Technology. His research interests include multiobjective opti-
mization and artificial intelligence. He received GECCO 2018 and
2021 Best Paper Awards, and PPSN 2020 Best Paper Nomination.
He is a Senior Member of IEEE.
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Name: Vı́ctor Adrián Hernández Sosa
E-mail: vsosa@tec.mx
Affiliation: Computer Science Department, Tecnológico de Monterrey, Mex-

ico.
Website(s): https://scholar.google.com.mx/citations?user=

J5dmE5kAAAAJ&hl=es

Biography: Vı́ctor Adrián Hernández Sosa received the B. Sc. degree in com-
puter systems from the Instituto Politécnico Nacional (IPN), in
2011, studying at the Escuela Superior de Cómputo (ESCOM).
In 2013, Dr. Hernández received the M. Sc. degree in computer
science from the Centro de Investigación y de Estudios Avanzados
del Instituto Politécnico Nacional (CINVESTAV-IPN), specializ-
ing in the area of multi-objective optimization and evolutionary
algorithms. In 2017, Dr. Hernández obtained the Ph. D. de-
gree in Computer Sience at CINVESTAV-IPN and, then, he did a
postdoctoral stay at the computer science department of the In-
stituto Tecnológico y de Estudios Superiores de Monterrey, cam-
pus Estado de México (ITESM-CEM), focusing his research on
machine learning. Currently, Dr. Hernández is a professor at
ITESM-CEM. His main research interests are the design of local
search techniques based on quality indicators for multi-objective
evolutionary algorithms, memetic strategies, algorithms for the
treatment of dynamic multi-objective optimization problems and
machine learning techniques.
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